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Abstract— Two methods for modeling of mechatronics system such as pan tilt platform (PTP) are presented based on 
Lagrange-Euler (LE) modeling method and Computer Aided Design (CAD) based technique. The objective of this research 
work is to derive nonlinear model of PTP, apply the controller for motion control of PTP, check the stability and create virtual 
simulation of the PTP to point in a desired direction. To increase the number of matching parameters and to preserve the 
structural properties and apply non-rigid body effects of PTP, in the second approach the virtual simulation of PTP is 
developed using CAD based technique. The LE model with Proportional-Derivative (PD) controller and virtual simulation gave 
us desired orientation of camera with slight difference in their settling time and steady-state error. This is due to the effect of 
backlash, saturation and dead zone as they are present in the virtual simulation. They meet the desired performance values 
set according to movement of eye ball such as settling time of eye ball is approximately 0.18~0.22 seconds. 

Index Terms— CAD based technique, control system, identification of parameters, Implementation, kinematics, Lagrange-Euler, robotics, 
simulation, security systems. 

——————————      —————————— 

1 INTRODUCTION                                                                     
HE PTP, with two degrees of freedom, is a device that 
makes possible for the camera to point in a desired direc-
tion. The computer aided design (CAD) as shown in Fig. 1 

(b) has been used in the virtual simulation software in Section 
VI. In the virtual simulation, constraints were applied on each 
joint. The types of joints are rigid, revolute and motorized. The 
CAD based simulation was performed in the presence of back-
lash, dead zone, friction and gravity. In designing the system, 
we also took care of the singularity that may arise when the sys-
tem Jacobian approaches zero [4]-[6]. The forward kinematics 
of the PTP are developed using Euler rotation theorem from [1]. 
The inverse kinematics of the PTP is developed using Paul’s 
method [17]. 

The system modeling of a mechatronic system such as the 
PTP generally involves complex physical realities, which are 
usually simplified to build the system model.  The linear model 
does not include the preliminary nature of nonlinearities [12]. 
The linear system model in [2] has oscillations that are only pos-
sible for differential equations with purely imaginary eigenval-
ues for example a system marginally stable has poles on imagi-
nary axis. The negative real parts lead to damped oscillations. 
The inclusion of nonlinearities allows us to achieve accurate 
model of PTP. 

The behavior of the PTP is highly sensitive to system param-
eters. The small variations in the PTP parameters have either 
ended the oscillations or driven the system into random opera-
tion [9]. Therefore, we have built non-linear model of the PTP 
using [2]. The viscous friction, Coulomb friction, mass and in-
ertia have been identified and these values are used in the sim-
ulations. The parameters friction, Coriolis forces and backlash 

were calculated. Mass properties are obtained from CAD for 
modeling and simulation purposes. 

 

 
(a) 

 

 
(b) 

   Fig. 1. (a) Schematics and (b) CAD of the PTP 
 
The LE model and virtual simulation are presented in Sec-

tions V and VI respectively. To perform the analysis and simu-
lation requires the parametric identification. All the parameters 
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involved in system dynamics were identified. The PD control-
lers have been applied to the PTP for both axes, and the desired 
results were achieved. The industry increasingly relies on the 
use of computer simulation technology to reduce the number 
of hardware tests required. This can be done by the object-ori-
ented simulation environment. A physical model of the PTP is 
presented and transformed into a dynamical simulation model. 
The purpose behind this was to generate a virtual simulation of 
the physical model. This approach was tested and compared 
with the nonlinear model of the PTP to prove the effectiveness 
of the method.  

For the validation of results we have used professional sim-
ulation software packages that consist of Pro-Engineer (Pro-E), 
MSC VisualNastrn-4D and MATLAB/Simulink. The three soft-
ware can be connected together and enable us to establish a sim-
ulation environment as shown in Fig. 2. Each of the software 
can handle the following items. 
• Pro-Engineer: For modeling and assembling the mechanical 

components. 
• VisualNastran-4D: For simulation of static and dynamic be-

havior of the mechanical system. 
• MATLAB/Simulink: For the motion control of the mechan-

ical system in VisualNastran-4D.  
 

 

 
  Fig. 2. The software connectivity diagram 

 
Already published papers in this field are not sufficient for a 

mechatronic system. Mostly papers published have discussed 
but not applied the virtual simulation on mechatronic systems. 
[19]  

The system model of the PTP is developed in Section II and 
the system model of the PTP along with the PD controllers is 
presented in Section V. The system parameters were identified 
and given in tabulated form in Section III. The CAD model of 
the PTP with the PD controllers is presented in Section VI. The 
PD controllers have been derived from a linear system model 
already reported [12], and is being applied to control the motion 
of the PTP.  

2 SYSTEM MODEL 
The basis for the model of the PTP is LE equation from [1]-[3]. 
The PTP is a two link robot. The nonlinear dynamic equations 
for a 2-link robot take the form as: 

 
𝜏𝜏 = 𝑀𝑀(𝜃𝜃)�̈�𝜃 + 𝐶𝐶�𝜃𝜃, �̇�𝜃��̇�𝜃 + 𝐹𝐹𝑣𝑣�̇�𝜃 + 𝐹𝐹𝑐𝑐 𝑠𝑠𝑠𝑠𝑠𝑠(�̇�𝜃) + 𝑠𝑠(𝜃𝜃)  (1) 

𝜏𝜏 (torque) is control input and 𝜃𝜃 is a feed-back input vector 
representing the joint orientation, 𝑀𝑀(𝜃𝜃) is a symmetric inertia 
matrix, which is positive definite for all 𝜃𝜃 ∈ 𝑅𝑅2 and 𝐶𝐶�𝜃𝜃, �̇�𝜃��̇�𝜃 ac-
counts for centrifugal and Coriolis torques. The term 𝐹𝐹𝑣𝑣�̇�𝜃 ac-
counts for the friction torques vector and 𝐹𝐹𝑣𝑣 accounts for the vis-
cous friction. The Coulomb friction is compensated in the input 
torque τ. The effect of centrifugal force becomes evident on the 
distributed mass of the body. The term 𝐶𝐶�𝜃𝜃, �̇�𝜃� is effective when 
the mass centre begins to move away from the centre of rota-
tion. The centre of PTP is located on the rotational axis of the 
body and effect of term 𝐶𝐶�𝜃𝜃, �̇�𝜃� is minimized. The term 𝑠𝑠(𝜃𝜃) ac-
counts for the gravitational torque vector. The friction values 
were identified and presented in Section III. They have been de-
termined experimentally and are modeled as: 

 
𝐹𝐹��̇�𝜃� = 𝐹𝐹𝑣𝑣�̇�𝜃 + 𝐹𝐹𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠��̇�𝜃�                (2) 

 
The nonlinearity lies in the 𝑠𝑠𝑠𝑠𝑠𝑠�θ̇�; the output of the nonlin-

earity at any instant is determined by its input at that instant. 
Here 𝐹𝐹𝑣𝑣 is Viscous friction and 𝐹𝐹𝑐𝑐  𝑖𝑖𝑠𝑠 Coulomb friction. For a ro-
bot with 2-links such as PTP in Fig. 1 the nonlinear model using 
(1) and (2) is as: 

 
𝜏𝜏 − 𝐹𝐹𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠��̇�𝜃� = 𝑀𝑀(𝜃𝜃)�̈�𝜃 + 𝐶𝐶�𝜃𝜃, �̇�𝜃��̇�𝜃 + 𝐹𝐹𝑣𝑣�̇�𝜃 + 𝑠𝑠(𝜃𝜃)  (3) 

 

 
Here u = τ − 𝐹𝐹𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠��̇�𝜃� is a two dimensional control input. 

The nonlinear model of PTP is solved to obtain the state space 
model of the PTP below  

 
�̈�𝜃 = −𝑀𝑀−1(𝜃𝜃)�𝐶𝐶�𝜃𝜃, �̇�𝜃� + 𝐹𝐹𝑣𝑣��̇�𝜃 − 𝑀𝑀−1(𝜃𝜃)𝑠𝑠(𝜃𝜃) + 𝑀𝑀−1(𝜃𝜃)𝑢𝑢  (4) 

 
The state variables are 𝑥𝑥1= Orientation of joint 1, 𝑥𝑥2 = Angu-

lar velocity of joint 1, 𝑥𝑥3 =  Orientation of Joint 2, 𝑥𝑥4= Angular 
velocity of joint 2. The state variables 𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, 𝑥𝑥4 are variables 
whose values changes with time, they depend on the externally 
imposed values of input variables. The output variable value 
depends on the values of the state variables. Based on this, cho-
sen the following state vectors 𝑥𝑥𝑎𝑎 and 𝑥𝑥𝑏𝑏. Here  

 

𝑥𝑥𝑎𝑎 = �
𝑥𝑥1
𝑥𝑥3� and 𝑥𝑥𝑏𝑏 = �

𝑥𝑥2
𝑥𝑥4� (5) 

 

The 𝑥𝑥𝑎𝑎 is  a state vector representing orientation of pan and 
tilt joints and 𝑥𝑥𝑏𝑏 is a state vector for angular velocity for both 
the joints of PTP. 
 

𝑥𝑥𝑎𝑎 = 𝜃𝜃, 𝑥𝑥𝑏𝑏 = �̇�𝜃 (6) 
 

Taking derivative of both sides  
 

�̇�𝑥𝑎𝑎 = �̇�𝜃, �̇�𝑥𝑏𝑏 = �̈�𝜃  (7)  
 Then the state space model is 
 

�̇�𝑥𝑎𝑎 = 𝑥𝑥𝑏𝑏 (8) 
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�̇�𝑥𝑏𝑏 = −𝑀𝑀−1(𝑥𝑥𝑎𝑎)[𝐶𝐶(𝑥𝑥𝑎𝑎, 𝑥𝑥𝑏𝑏) + 𝐹𝐹𝑣𝑣]𝑥𝑥𝑏𝑏 − 𝑀𝑀−1(𝑥𝑥𝑎𝑎)𝑠𝑠(𝑥𝑥𝑎𝑎) + 𝑀𝑀−1(𝑥𝑥𝑎𝑎)𝑢𝑢 (9) 
 

𝑦𝑦 = 𝑥𝑥𝑎𝑎 (10) 
  

We have used the detailed model and accurate system pa-
rameters obtained through experiments and CAD. We have 
identified the system parameters; such as mass, inertia, and cor-
iolis forces in Section III. Using the nonlinear state space model 
of the PTP in (8)-(10); the Simulink model of the PTP is pre-
sented in Fig. 3. 

 

 
   Fig. 3 Nonlinear model of the PTP 

There are unknown parameters in the nonlinear state space 
model. We had found these experimentally or identified in 
CAD as in Section III. 

3 IDENTIFICATION OF PARAMETERS  
The unknowns in the state space model of the PTP are F, 𝐶𝐶�𝜃𝜃, �̇�𝜃� 
and  𝑀𝑀(𝜃𝜃). The friction force F is composed of viscous friction 
Fv and Coulumb friction Fc. The Fv is a property of the medium 
in which the motion of the object is occurring. Here Fv in (9) is a 
frictional force that resists objects in motion. The viscous fric-
tion has been determined experimentally. The values of viscous 
friction are presented in Table I. The maximum value of fric-
tions are taken from Table I [12], [13].  

 

TABLE I 
VISCOUS FRICTION  

 
 Positive Negative 

Fv (pan) (Nms/rad) 0.0019 -0.0017 
Fv (tilt) (Nms/rad) 0.0045 -0.0055 

 
The nonlinear term in (3) is 𝐹𝐹𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠��̇�𝜃�.  It is a force that exists 

between two objects that are in contact. The bodies act to pre-
vent the motion of the objects. To complete an accurate non-lin-
ear model of the PTP, the Coulomb friction values were identi-
fied. The Coulomb friction exists between all moving parts in 
the system, such as the hinge and the bearings, the belts and the 
gears.  The Coulomb friction values have been determined ex-
perimentally as in Table II.  

 
 
 
 
 

TABLE II 
COULOMB FRICTION 

 
 Positive Negative 

Fc (tilt) (Nm) 0.0500 -0.0550 
Fc(pan) (Nm) 0.0400 -0.0405 

 
The required parameters in equation (9), masses and arm 

lengths were identified from CAD and they are summarized in 
Table III. 

TABLE III 
Arm Length and Mass 

 
 Arm length  (m) Mass (Kg) 

Pan mechanism 0.050 1.1452 
Tilt mechanism 0.050 0.7395 

PTP - 1.8847 
 
The pan mechanism in Fig. 1 is identical with uniform mass 

distribution, radius Rp, length lp and mass mp. The tilt mecha-
nism is all identical with uniform mass distribution, height ht, 
depth dt, width wt, and mass mt. On the basis of these known 
parameters, (9) for PTP is as: 
• Known parameters for pan mechanism: radius Rp, length lp 

and mass  mp. 
• Known parameters for tilt mechanism: height ht, depth dt, 

width wt, and mass mt. 
The attributes of the PTP are defined using Euler rotation 

angle [1], here summarized as follows. 
 

x = �
1
0
0
� , y = �

0
1
0
� , z = �

0
0
1
� and h1 = z, h2 = x 

 

 
   Fig. 4. Zero configuration of PTP 

The position vector corresponding to both mechanisms and 
camera (end-effecter) is given as follows 

P0 1 = P1 2 = 0, P2 E = L2z  
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Here P0 1, P1 2 and P2 E are the positions vectors belong to pan 

mechanism, tilt mechanism and camera respectively and P0 1 in-
dicates the position vector for pan mechanism with respect to 
ground frame. Similarly, P1 2  indicates the position vector for 
tilt mechanism with respect to pan mechanism and P2 E with re-
spect to tilt mechanism.  By using definition of rotation matrix 
from [1], a rotation about the z and x axes can be represented 
by the following rotation matrices 𝑅𝑅0 1 and 𝑅𝑅1 2. 

 
𝑅𝑅0 1 = 𝑒𝑒ℎ�1𝜃𝜃1 , 𝑅𝑅1 2 =  𝑒𝑒ℎ�2𝜃𝜃2  (11) 

 

𝑅𝑅0 1 = �
cos 𝜃𝜃1 − sin𝜃𝜃1 0
sin𝜃𝜃1 cos𝜃𝜃1 0

0 0 1
� (12) 

 

 𝑅𝑅1 2 = �
1 0 0
0 cos𝜃𝜃2 − sin𝜃𝜃2
0 sin𝜃𝜃2 cos𝜃𝜃2

� (13) 

 
The Jacobian at each joint of PTP is found using the reference 

[1]. The Jacobian of pan joint 𝐽𝐽1 is as follows. 
 

𝐽𝐽1 = �𝑧𝑧 0
0 0�      (14)  

 
and Jacobian of  tilt mechanism 𝐽𝐽2 is as follows 

 

𝐽𝐽2 = �
𝑅𝑅1 2𝑧𝑧 𝑥𝑥

𝑅𝑅2 1𝑧𝑧� 𝑅𝑅2 1 𝑃𝑃21 0
� (15) 

 
The center of mass 𝑝𝑝𝑛𝑛𝑐𝑐  for each body is found in (16), (17):  

 
𝑝𝑝1𝑐𝑐 = −�𝑙𝑙𝑝𝑝

2
� 𝑧𝑧 (16) 

 
𝑝𝑝2𝑐𝑐 = −�𝑙𝑙𝑡𝑡

2
� 𝑥𝑥 (17) 

 
n indicates the pan and tilt mechanism n=1,2. The inertia of 

each body is found in (18)-(20) using [18]. The inertia matrix 𝐼𝐼1𝑐𝑐 
for the pan mechanism is: 

 

𝐼𝐼1𝑐𝑐 =

⎣
⎢
⎢
⎢
⎡
𝑚𝑚𝑝𝑝

12
�3𝑅𝑅𝑝𝑝2 + 𝑙𝑙𝑝𝑝2� 0 0

0 𝑚𝑚𝑝𝑝

12
�3𝑅𝑅𝑝𝑝2 + 𝑙𝑙𝑝𝑝2� 0

0 0 𝑚𝑚𝑝𝑝

2
�𝑅𝑅𝑝𝑝2�⎦

⎥
⎥
⎥
⎤
 (18) 

 
The inertia matrix 𝐼𝐼2𝑐𝑐 for the tilt mechanism is: 

 

𝐼𝐼2𝑐𝑐 =

⎣
⎢
⎢
⎡
𝑚𝑚𝑡𝑡

12
(ℎ𝑡𝑡

2 + 𝑤𝑤𝑡𝑡2) 0 0

0 𝑚𝑚𝑡𝑡

12
(ℎ𝑡𝑡

2 + 𝑤𝑤𝑡𝑡2) 0

0 0 𝑚𝑚𝑡𝑡

12
(𝑑𝑑𝑡𝑡

2 + 𝑤𝑤𝑡𝑡2)⎦
⎥
⎥
⎤
 (19) 

 
The inertia matrix 𝐼𝐼𝐸𝐸𝑐𝑐 for the camera is: 

 

𝐼𝐼𝐸𝐸𝑐𝑐 =

⎣
⎢
⎢
⎡
𝑚𝑚
12
�ℎ𝐸𝐸

2 + 𝑤𝑤𝐸𝐸2� 0 0

0 𝑚𝑚
12
�ℎ𝐸𝐸

2 + 𝑤𝑤𝐸𝐸2� 0

0 0 𝑚𝑚
12
�𝑑𝑑𝐸𝐸

2 + 𝑤𝑤𝐸𝐸2�⎦
⎥
⎥
⎤
 (20) 

 
The M(θ), a symmetric inertia matrix, which is positive definite 

for all θ ∈ R2, is found using the following equations as follows.  
 

𝑀𝑀1 = � 𝐼𝐼1 𝑚𝑚1𝑃𝑃�1𝑐𝑐

−𝑚𝑚1𝑃𝑃�1𝑐𝑐 𝑚𝑚1𝐼𝐼1
� (21) 

 

𝑀𝑀2 = � 𝐼𝐼2 𝑚𝑚2𝑃𝑃�2𝑐𝑐

−𝑚𝑚2𝑃𝑃�2𝑐𝑐 𝑚𝑚2𝐼𝐼2
� (22) 

 

𝑀𝑀𝐸𝐸 = � 𝐼𝐼𝐸𝐸 𝑚𝑚𝐸𝐸𝑃𝑃�𝐸𝐸𝑐𝑐

−𝑚𝑚𝐸𝐸𝑃𝑃�𝐸𝐸𝑐𝑐 𝑚𝑚𝐸𝐸𝐼𝐼𝐸𝐸
� (23) 

 
𝑀𝑀(θ) = ∑ 𝐽𝐽𝑖𝑖𝑇𝑇𝑀𝑀𝑖𝑖𝐽𝐽𝑖𝑖2

𝑖𝑖=1   (24) 
 
Here 𝑀𝑀1, 𝑀𝑀2 and 𝑀𝑀𝐸𝐸  are the symmetric inertia matrices for 

pan, tilt mechanisms and camera. The kinetic energy of the PTP 
is: 

𝑇𝑇 = 1
2
�̇�𝜃𝑇𝑇𝑀𝑀�̇�𝜃 (25) 

 
To determine the effects of Coriolis and centrifugal forces 

the following equation is used from [2] 
 

𝐶𝐶 = �̇�𝑀�𝜃𝜃, �̇�𝜃� − 1
2
�
�̇�𝜃𝑇𝑇 𝜕𝜕𝜕𝜕

𝜕𝜕𝜃𝜃1

�̇�𝜃𝑇𝑇 𝜕𝜕𝜕𝜕
𝜕𝜕𝜃𝜃2

� (26) 

 
The potential energy of the pan 𝑃𝑃1, tilt 𝑃𝑃2 mechanisms are 

determined and presented as follows. 
 

𝑃𝑃1 = 𝑚𝑚1�⃗�𝑠. � �⃗�𝑝10 + �⃗�𝑝1𝑐𝑐� (27) 
 

𝑃𝑃2 = 𝑚𝑚2�⃗�𝑠. � �⃗�𝑝0 1 + �⃗�𝑝1 2 + �⃗�𝑝2𝑐𝑐� (28) 
 

The total potential energy of the PTP is: 
 

𝑃𝑃 = 𝑃𝑃1 + 𝑃𝑃2 (29) 
 

The equations (11) to (29) are combined together to get the 
equation of motion as follows. 
 

𝜏𝜏 = 𝑀𝑀(𝜃𝜃)�̈�𝜃 + 𝐶𝐶�𝜃𝜃, �̇�𝜃��̇�𝜃 + 𝑠𝑠(𝜃𝜃)  (30) 
 
Here the matrices M(θ), C�θ, θ̇� and 𝑠𝑠(𝜃𝜃) are as follows: 

 

𝑀𝑀 = �𝑀𝑀11 0
0 𝑀𝑀22

�  
 

𝑠𝑠(𝜃𝜃) = �00�  
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𝐶𝐶�𝜃𝜃, �̇�𝜃� = �
1
6

cos 𝜃𝜃2 sin𝜃𝜃2(−𝑚𝑚𝐸𝐸𝑑𝑑𝐸𝐸2 − 𝑚𝑚𝑡𝑡𝑑𝑑𝑡𝑡2 + 𝑚𝑚𝑡𝑡ℎ𝑡𝑡2 + 𝑚𝑚𝐸𝐸ℎ𝐸𝐸2) �̇�𝜃1�̇�𝜃2
− 1

12
cos𝜃𝜃2 sin𝜃𝜃2(−𝑚𝑚𝐸𝐸𝑑𝑑𝐸𝐸2 − 𝑚𝑚𝑡𝑡𝑑𝑑𝑡𝑡2 + 𝑚𝑚𝑡𝑡ℎ𝑡𝑡2 + 𝑚𝑚𝐸𝐸ℎ𝐸𝐸2) �̇�𝜃12

�    

 
The terms 𝑀𝑀11and 𝑀𝑀22are found and given as: 
 
𝑀𝑀11 = 1

12
(cos𝜃𝜃1)2𝑚𝑚𝐸𝐸𝑑𝑑𝐸𝐸2 + 1

12
(cos𝜃𝜃2)2𝑚𝑚𝑡𝑡𝑑𝑑𝑡𝑡2 + 1

2
𝑚𝑚𝑝𝑝𝑅𝑅𝑝𝑝2 +

1
12
𝑚𝑚𝑡𝑡(ℎ𝑡𝑡2 + 𝑤𝑤𝑡𝑡2) + 1

12
𝑚𝑚𝐸𝐸𝑤𝑤𝐸𝐸2 + 𝑚𝑚𝐸𝐸𝐿𝐿22 + 1

4
𝑚𝑚𝑡𝑡ℎ𝑡𝑡2 + 1

12
𝑚𝑚𝐸𝐸ℎ𝐸𝐸2 −

1
12

(cos𝜃𝜃2)2𝑚𝑚𝑡𝑡ℎ𝑡𝑡2 −
1
12

(cos𝜃𝜃2)2𝑚𝑚𝐸𝐸ℎ𝐸𝐸2   
 
𝑀𝑀22 = 1

12
𝑚𝑚𝑡𝑡ℎ𝑡𝑡2 + 1

12
𝑚𝑚𝑡𝑡𝑤𝑤𝑡𝑡2 + 1

12
𝑚𝑚𝐸𝐸(ℎ𝐸𝐸2 + 𝑤𝑤𝐸𝐸2)  

 
𝜃𝜃𝑛𝑛 belongs to pan and tilt mechanisms respectively. The un-

knowns in the state space model are identified. The identified 
parameters   𝑀𝑀(𝜃𝜃), 𝐶𝐶�𝜃𝜃, �̇�𝜃�, 𝐹𝐹𝑣𝑣 and centre of mass are used in 
MATLAB and Simulink simulation as in Section V. The centre 
of PTP is located on the rotational axis of the body and effect of 
term 𝐶𝐶�𝜃𝜃, �̇�𝜃� is minimized. Therefore its effect is negligible.  As 
the PTP of Fig. 1 the pan and tilt mechanisms are revolving 
about pan and tilt axis. Both the mechanisms are designed such 
that effect of g is minimized, due to the torque balancing. 

4 STABILITY ANALYSIS 
The stability analysis of the PTP based on its equilibrium points 
is performed in this section. For the above state-space equation 
(8-9) of the PTP, we have found all the equilibrium points by 
putting 𝑢𝑢 = 0, �̇�𝑥𝑎𝑎 =0 and �̇�𝑥𝑏𝑏 =0 as follows [2] 

 
0=𝑥𝑥𝑏𝑏 
0 = −𝑀𝑀−1(𝑥𝑥𝑎𝑎)[𝐶𝐶(𝑥𝑥𝑎𝑎, 𝑥𝑥𝑏𝑏) + 𝐹𝐹𝑣𝑣]𝑥𝑥𝑏𝑏 − 𝑀𝑀−1(𝑥𝑥𝑎𝑎)𝑠𝑠(𝑥𝑥𝑎𝑎) 

 
The equilibrium points are located at the (𝑥𝑥1, 0, 𝑥𝑥3, 0) where 

𝑥𝑥1 belongs to the set of real numbers from -2π to 2π and 𝑥𝑥3 be-
longs to the set of real numbers from 0 to π/2. The function f(x) 
for the stability analysis of the tilt mechanism follows from (8-
9). The type of each isolated equilibrium point can be found us-
ing the following function  
 

𝑓𝑓(𝑥𝑥) = ��̇�𝑥𝑎𝑎�̇�𝑥𝑏𝑏
� =

�
𝑥𝑥𝑏𝑏

−𝑀𝑀−1(𝑥𝑥𝑎𝑎)[𝐶𝐶(𝑥𝑥𝑎𝑎, 𝑥𝑥𝑏𝑏) + 𝐹𝐹𝑣𝑣]𝑥𝑥𝑏𝑏 − 𝑀𝑀−1(𝑥𝑥𝑎𝑎)𝑠𝑠(𝑥𝑥𝑎𝑎)�         (31) 

 

The centre of PTP is located on the rotational axis of the body 
and effect of term C�θ, θ̇� is minimized and M−1(xa) = M−1 be-
cause it is not effected by states. The effect of gravity is negligi-
ble. The behavior of the PTP can be analyzed using (31). The 
Jacobian of the tilt mechanism given below follows from (31). 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= �0 1
0 −𝑀𝑀−1𝐹𝐹𝑣𝑣 

�         (32) 

 

The Jacobian of the tilt mechanism evaluated at (𝑥𝑥1, 0, 𝑥𝑥3, 0) 
is given below 

 

𝐴𝐴 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�

(𝜕𝜕1,0,𝜕𝜕3,0)
= �0 1

0 −𝑀𝑀−1𝐹𝐹𝑣𝑣
�         (33) 

 
The eigenvalues corresponding to the Jacobian determined 

were found as follows 
 

|𝜆𝜆𝐼𝐼 − 𝐴𝐴| = �𝜆𝜆 −1
0 𝜆𝜆 + 𝑀𝑀−1𝐹𝐹𝑣𝑣

�  (34) 

 
|𝜆𝜆𝐼𝐼 − 𝐴𝐴| = 𝜆𝜆2 + 𝑀𝑀−1𝐹𝐹𝑣𝑣𝜆𝜆 = 0                 (35) 
 

All the trajectories coverage to the equilibrium subspace as 
the 𝝀𝝀2 <0 and 𝝀𝝀1 =0 for pan mechanism and similarly for tilt mech-
anism. Thus PTP is marginally stable. The nonlinear control of 
the PTP is presented in next section. 

5 LE MODEL WITH PD CONTROLLER   
For the LE model of the PTP problem is to design the control 
law such that the required actuator inputs to the PTP are suffi-
cient to perform the desired task, e.g. follow a desired input/ 
trajectory. The main objective of control system is to obtain the 
fastest time response with small overshoot and a smooth output 
signal enclosing small steady state error; for the desired input 
angles (𝜃𝜃𝑝𝑝𝑎𝑎𝑛𝑛, 𝜃𝜃𝑡𝑡𝑖𝑖𝑙𝑙𝑡𝑡).  

The state space model (8-10) of the PTP is now evaluated us-
ing parameters identified in section III. The LE model of the PTP 
with the PD controllers is presented in figure 5. The subsystem 
block name nonlinear mathematical model of the PTP was con-
trolled by the PD controllers.  

The values obtained experimentally and available in CAD 
are presented in table I, II and III. These values are used in state 
space model of PTP in figure 5.  

As shown in figure 5, the simulation consists of desired input 
angles, the PD controllers for pan and tilt mechanism, the PTP 
nonlinear model, actual output angles, and a quantizer in the 
feedback path. The quantization interval has been set to match 
the encoder resolution of 2π/4096. The zero-order hold (ZOH) 
block samples and holds its input for the specified sample pe-
riod. The input of ZOH block is a vector; all elements of the vec-
tor are held for the same sample period. 

The linearization simplifies the PTP model by focusing on 
each angle (𝜃𝜃pan, 𝜃𝜃tilt) independently, for the pan and tilt mecha-
nism. This LE model of PTP was linearized in order to develop 
a controller for the pan and tilt mechanisms in the [12]. The con-
trol law is as follows. [7], [8],[9],[10],[11] 

 
 𝐾𝐾𝐺𝐺𝑐𝑐 = 𝐾𝐾(𝐾𝐾𝑃𝑃𝑒𝑒 + 𝐾𝐾𝐷𝐷�̇�𝑒)  (36) 
 

Here 𝐾𝐾,𝐾𝐾𝑃𝑃 and 𝐾𝐾𝐷𝐷are the gains and their values are presented 
in table IV. 

 
 
 
 
 
 

IJSER

http://www.ijser.org/


International Journal of Scientific & Engineering Research Volume 10, Issue 6, June-2019                                                                                                        1440 
ISSN 2229-5518  
 

IJSER © 2019 
http://www.ijser.org 

 

 

     

    Fig. 5. Nonlinear model of PTP with PD controller 

 
Table IV  

The PD Controllers Gains 
 

Gains Pan Mech-
anism 

Tilt Mech-
anism 

K 17.1843 12.184 
KD 1 1 
KP 21.00 21.08 

 

    The result of input tracking system such as PTP with PD con-
trollers is shown in figure 6. The angle achieved by pan and tilt 
mechanism are presented in figure 6 along with time. 

The PD controllers worked with the same gains as found in 
[12] for the PTP in the presence of nonlinearities. As noticed in 
figure 6(a), for the tilt mechanism the setting time (0.1908 sec) 

and the steady-state error (1.9467×10-3) meet the desired per-
formance values. Similarly in figure 6(b), for the pan mecha-
nism the setting time (0.1905 sec) and the steady-state error 
(4.9881×10-3) meet the desired performance values. 

 

 
 (a) 

 

 
(b) 

Fig. 6. Output of (a) tilt mechanism (b) pan mechanism in the nonlinear                          
control system 

6 VIRTUAL REALITY  
In case of lengthy processes in design with fabrication the time 
span for the optimal solution is increased. This is reduced by 
using the simulation method. The benefit of such a simulation 
is that the solution cost and time are reduced. The basic aim of 
simulator is that to test the system with virtual environment 
created near to actual conditions. In virtual simulation gravity, 
backlash, dead zone, Coulomb friction, viscous friction and in-
ertia effects were applied. [14] 
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    Fig. 7. Virtual simulation of PTP 

 
The concept of virtual design of the PTP is to simulate vir-

tual reality of the PTP that enabled us to interact with the design 
object in a three-dimensional virtual environment such as in 
MSC. VisualNastran-4D. The purpose of this research work is 
to construct a three-dimensional virtual design and simulation 
environment for the PTP. For this purpose structure of the PTP 
was modeled using Pro-E. The Pro-E model was transferred to 
dynamic simulation software for dynamical simulation with all 
mass and inertia properties. The fraction effect on each joint 
was applied using table I and II. In this environment, we can 
observe and interact with the design object exactly the same 
way as they observe and interact with real objects. 

The controlled simulation was performed using Simulink 
and MSC.VisualNastran-4D of PTP as shown in figure 7. The 
use of Simulink in this work is to control the dynamics of a PTP 
using PD controller as shown in figure 8 for required orienta-
tion of the camera as shown in figure 7. 

The aim of simulation is to test the system in virtual environ-
ment created as near to actual conditions. The fraction, gravity, 
backlash and dead zone effects were applied on the PTP. The 
effective value of the Coulomb friction, the viscous friction and 
gravity effects were applied in the MSC.VisualNastran-4D 
model. The process is explained by MSC.VisualNastran-4D 
model and Simulink control diagram in figure 7 and figure 8 
respectively. 

The PD controllers were applied as shown in figure 8. For the 
pan and tilt mechanisms the PD controller gains are given in 
table IV.  The effect of nonlinearities upon the time response of 
the PTP is found in this virtual simulation. The nonlinearities 
inserted in Simulink model are saturation, dead zone and back-
lash as in figure 8. 

The electronic amplifier is linear over a specific range but ex-
hibits the nonlinearity called saturation at higher input volt-
ages. The saturation limits were applied equal to ± 35 Nmm. 
The effect of saturation is to limit the torque applied by motor 
on the system. Without applying the saturation limit in virtual 

simulation system behavior is unpredictable as torque grows to 
very large value.  

A DC motor that does not respond to very low input voltages 
due to frictional forces exhibits a nonlinearity called dead zone. 
The effect of dead zone is applied due to presence of the DC 
motor and gears assembly. The gears exhibit backlash [15], 
which occurs because of the loose fittings between two meshed 
gears. The mathematical model of backlash developed by [16] 
gives the trend of the backlash.  

    Fig. 8. Feedback control system for PTP 

The result of virtual simulation for given inputs (𝜃𝜃𝑝𝑝𝑎𝑎𝑛𝑛 , 𝜃𝜃𝑡𝑡𝑖𝑖𝑙𝑙𝑡𝑡) 
along with time is shown in figure 9. 

 

 
(a) 
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(b) 

Fig. 9. Orientation of (a) tilt mechanism (b) pan mechanism in the virtual            
simulation environment 

 
As noticed in figure 9(a), for the tilt mechanism the setting 

time (0.16 sec) and the steady-state error (4.4367×10-3) meet the de-
sired performance values. Similarly in figure 9(b), for the pan 
mechanism the setting time (0.21 sec) and the steady-state error 
(7.9351×10-3) meet the desired performance values.  

7 RESULTS 
The comparison of the LE model of the PTP controlled by the 
PD controllers and VisualNastran-4D model of PTP controlled 
by the PD controllers is presented in table V.  

 
 

Table V 
Models of PTP with PD controllers 

 

LE model with PD Con-
troller 

Virtual Simulation 
Controlled by PD 

Controller  
TS 

(sec-
onds) 

eSS 

TS 

(sec-
onds) 

eSS 

Tilt Mech-
anism 

0.1908 1.9467×10-3 0.16 
4.4367×10-

3 
Pan Mech-

anism 
0.1905 4.9881×10-3 0.21 

7.9351×10-

3 
 
 

The result of LE model with PD controller and virtual simu-
lation (CAD based technique) are matching closely with slight 
difference in the performance parameters. The difference in 
performance parameters are due to the backlash, saturation and 
dead zone, they are present in the CAD based technique. Thus, 
simulation results meet the desired performance values set ac-
cording to movement of eye ball, such as settling time of eye 
ball, which is approximately 0.18~0.22 seconds.  

 

The virtual simulation tool discussed and demonstrated ma-
terial in this paper proves the efficacy of this tool and authenti-
cates the results obtained from mathematical modelling based 
on LE equation.   

The PD controller designed in [12] and used here works on 
nonlinear models because PTP operates under positioning con-
trol, the velocities are small.  

8 IMPLEMENTATION 
The design of a PTP is intended to perform a object tracking task 
mounted on a vehicle such as under unmanned aerial vehicles. 
The function of motion controllers is to track the desired inputs 
such that PTP points in desired direction. Based on initial posi-
tion and output angles from motion controllers, the forward 
kinematics finds out final position (x, y, z) of camera and these 
coordinates x, y, z are compared with desired coordinates in im-
age processing unit (IPU) and Laser range finder (LRF). The im-
age grabber grabs the image from the camera mounted on the 
PTP and sends it into IPU. The IPU with LRF finds the desired 
x, y, z coordinates of the target. The coordinates are then sent 
into direct calculation / inverse kinematics unit and it converts 
these coordinates into desired input angles which are the inputs 
of motion controller shown in schematic figure 10. 
 

In fig. 10, the input angles come from image processing unit 
and it takes output of digital camera as input. The 8051 micro-
controller has been used as interface between image processing 
unit and LM628. The assembly code was developed and hex file 
was written in the flash memory of 80C51. The detail of algo-
rithm and circuit is presented in [12]. The zero configuration of 
PTP is shown in figure 4.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Fig. 10. Block diagram of PTP with motion controller and 
connected with image processing unit based on calculation 
carried out in kinematics blocks 
 
 
The rotation matrix for pan, tilt and PTP are as follows.  
 

𝑥𝑥,𝑦𝑦, 𝑧𝑧 

     𝑥𝑥, 𝑦𝑦, 𝑧𝑧 

Image pro-
cessing 

unit 

Forward 
kinematics 

Frame 
grabber 

𝜃𝜃1,𝜃𝜃2 PTP 
with 

camera 

Motion 
Controller 

Inverse 
kinemat-
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1 1
0

1 1 1

cos sin 0
sin cos 0 ,

0 0 1
R

θ θ
θ θ

− 
 =  
                   (37) 

 

1
2 2 2

2 2

1 0 0
0 cos sin
0 sin cos

R θ θ
θ θ

 
 = − 
                   (38) 

 

1 1 2 1 2
0

1 1 2 1 2

2 2

cos sin cos sin sin
sin cos cos cos sin

0 sin cos
ER

θ θ θ θ θ
θ θ θ θ θ

θ θ

− 
 = − 
                  (39) 

The position vector of PTP is given below.  
 

1 2
0

1 2 2

2

sin sin
cos sin

cos
EP L

θ θ
θ θ
θ

 
 = − 
                  (40) 

 
The forward kinematics is used to find the final pointing po-

sition of the camera. This is a 3 step process. 
 
1. The initial position of the camera pointing is [x0; y0; z0] = 

[0;0;1]. The next position [x1; y1; z1] of the camera pointing 
is found using initial position and output angles achieved 
by motion controller. 

 

�
𝑥𝑥𝑗𝑗
𝑦𝑦𝑗𝑗
𝑧𝑧𝑗𝑗
� = �

cos𝜃𝜃1 −sin𝜃𝜃1cos𝜃𝜃2 sin𝜃𝜃1sin𝜃𝜃2
sin𝜃𝜃1 cos𝜃𝜃1cos𝜃𝜃2 −cos𝜃𝜃1sin𝜃𝜃2

0 sin𝜃𝜃2 cos𝜃𝜃2
� �
𝑥𝑥𝑗𝑗−1
𝑦𝑦𝑗𝑗−1
𝑧𝑧𝑗𝑗−1

�              (41) 

 
2. For next iteration j = 2, using the [xj-1; yj-1; zj-1] = [x1; y1; z1] as 

a previous position and new output angles achieved by 
motion controller in (41), the new pointing position [xj; yj; 
zj] = [x2; y2; z2] 

3. Repeat step 2. For each new value of j=1,2,3,…..  
 

The desired orientation of the PTP with a camera is defined 
by two angles are found on the basis of input from image pro-
cessing unit in terms of x, y, z coordinates. 
 

�𝜃𝜃1𝜃𝜃2
� = �

arctan2(𝑦𝑦, 𝑥𝑥) + 2𝜋𝜋𝑠𝑠
arctan2(�𝑥𝑥2 + 𝑦𝑦2, 𝑧𝑧)

�         (42) 

 
The desired orientation for the motion controller is found us-

ing the above equations. Consider a move from the point [x0 y0 
z0] = [10 0 10] on one side of the PTP to [x1 y1 z1] = [−10 0 10] on 
the other side. The result from the above equation is a reference 
from [θ1 θ2] = [0◦ 45◦] to [180◦ 45◦]. Thus a rotation of 180° about 

pan axis is required to track the object. 

9 CONCLUSION 
This paper covers the PTP design based on kinematics, mod-
eled with two different techniques. Then motion controllers are 
designed based on system dynamics. The performances of Lan-
grage-Euler based mathematical model are compared with PTP 
dynamics simulation in the integrated dynamic simulation soft-
ware’s. This provides an accurate model of engineering systems 
such as electromechanical systems for performance and quali-
ties evaluations. The model is a total torque, angle representa-
tion in three rigid body degrees of freedom in case of LE. These 
models are generalized, modularized and analytical represen-
tation of a PTP. 
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